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fDS)' Abstract. Suppose that is a proper domain in M" and that / is a quasicon- 

^ . formal mapping from D onto a John domain D' in R". The main aim of this 

' paper is to prove that if Z^i C I? is a John domain, then the image /(-Di) of Di 

. under / is stih a John domain. This result shows that the answer to one of the 

' open problems raised by Heinonen in [10] is affirmative. 

> 

u 

! 1. Introduction and main results 

^ ' Throughout the paper, we always assume that D is a proper subdomain in and 

B(xo, r) = {x G M" : |x — xo| < r} denotes the open ball centered at xq with radius 
r > 0. Similarly, for the closed balls and spheres, we use the notations B(xo, r) and 
9B(a;o,T), respectively. In particular, we use B to denote the unit ball B(0, 1). We 
O ' begin with the following concepts. 

vn ■ 

• Definition 1.1. A domain D in M" is said to be c-uniform if there exists a constant 
c with the property that each pair of points zi, Z2 in D can be joined by a rectifiable 
arc 7 in D satisfying (cf. [19, 25]) 



> 



o 



(1) mill £(7[zj, z]) < cd£,{z) for all z E 'j, and 

(2) <c\zi-Z2\, 



^ , where £(7) denotes the arclength of 7, '-f[zj,z] the part of 7 between Zj and z, and 

^ ! doiz) the distance from z to the boundary dD of D. Also we say that 7 is a double 
c-cone arc. 

A domain D in M" is said to be a c-John domain if it satisfies the condition (1) 
in Definition 1.1, but not necessarily (2), and 7 is called a c-cone arc. 

John [13], and Martio and Sarvas [19] were the first who introduced and studied 
John domains and uniform domains, respectively. Now, there are plenty of alter- 
native characterizations for uniform and John domains, see [3, 5, 7, 16, 18, 25, 26, 
27, 28, 29]. And its importance along with some special domains throughout the 
function theory is well documented, see [5, 16, 20, 22]. Moreover, John domains and 
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uniform domains in R" enjoy with numerous geometric and function theoretic fea- 
tures in many areas of modern mathematical analysis, see [2, 3, 7, 9, 14, 15, 22, 28] 
(see also [1]). 

In the following, we always assume that / : D — > C IR" is a i^-quasiconformal 
mapping with K >1. See [21, 31] for definitions and properties of i^-quasiconformal 
mappings. In 1985, Vaisala proved 

Theorem A. ([22, Theorem 5.6]) IfD' is uniform, then for each uniform subdomain 
Di in D, f{Di) is still uniform. 

In [4], the authors showed the following 

Theorem B. ([4, pp. 120-121]) Suppose D' is QED. Then for each QED subdo- 
main Di in D, f{Di) is also QED. 

The case (1) of the following result is due to Vaisala [24, Theorem 2.20] whereas 
the case (2) is obtained by Heinonen [10, Theorem 7.1]. 

Theorem C. Suppose D' is broad. 

(1) Then for each John subdomain Di in D, f{Di) is a John domain; 

(2) // both D and D' are bounded, then for each broad subdomain Di in D, f{Di) 
is a broad domain. 

We refer to [19] for an early discussions on this topic. However, a natural problem 
is that whether f{Di) is a John domain for each John subdomain Di of D when D' 
is John. In fact, this is an open problem raised by Heinonen [10] in the following 
form: 

Open Problem 1.1. Suppose that / is a quasiconformal mapping of a domain D 
in onto a John domain D' in M". Is it then true that every John subdomain of 
D is mapped onto a John subdomain of D' by /? 

Heinonen himself discussed this problem and as consequence he obtained the 
following 

Theorem D. ([10, Theorem 7.3]) Let f :M ^ D' be a quasiconformal mapping onto 
a John domain D' , and let Cm{w) denote the Stolz cone with vertex atw & dM. Then 
f{CM{w)) is uniform. 

Here the Stolz cone Cm{w) with vertex at w G dM is defined to be the interior of 
the closed convex hull of w and the hyperbolic ball centered at with radius M > 0. 

The main aim of this paper is to show that the answer to Open Problem 1.1 is 
yes. 

Theorem 1.1. Suppose D is a proper subdomain m R". If f : D ^ D' is a quasi- 
conformal mapping onto a John domain D' , then the image of each John subdomain 
of D under f is still a John subdomain in D' . 

We present the proof of Theorem 1.1 in Section 3. In Section 2, we present some 
useful results and prove several necessary lemmas. As a continuation of the present 
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article, it is possible to obtain several interesting applications of Theorem 1.1. As 
an indication to this, we state the following result whose proof will be presented in 
a later article. 

Theorem 1.2. Suppose D' is an inner uniform domain and Di is an inner uniform 
subdomain in D. Then each quasihyperbolic geodesic in D[ is inner quasiconvex. 

The following is a consequence of the last two theorems. 

Corollary 1.1. Suppose D' is an inner uniform domain and Di is an inner uniform 
subdomain m D. Then D[ is still inner uniform. 



2. Preliminaries 

Definition 1.1 is often referred to as the "arclength" definition for uniform domains 
and John domains. When the word "arclength" in Definition 1.1 is replaced by 
"diameter", then it is called the "diameter" definition for uniform domains and 
John domains. 

The following result reveals the close relationship between these two definitions. 



Theorem E. ([19, 23]) The "arclength" definition for uniform domains and John 
domains is quantitatively equivalent to the "diameter" one. 

Let 7 be a rectifiable arc or path in D. Then the quasihyperbolic length of 7 is 
defined to be the number ikoi'l) given by (cf. [8]): 



\dz\ 



For zi, Z2 in D, the quasihyperbolic distance kD{zi, Z2) between zi and Z2 is defined 
in the usual way: 

kD{zi,Z2) = inf 4^(7), 

where the infimum is taken over all rectifiable arcs 7 joining zi to Z2 in D. An 
arc 7 from zi to Z2 is called a quasihyperbolic geodesic if ikoil) — koizi, Z2). Each 
subarc of a quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. It is 
known that a quasihyperbolic geodesic between two points in D always exists (cf. 
[7, Lemma 1]). Moreover, for every quasigeodesic 7 in D joining z\ to Z2^ we have 

(2.1) A;^(zi,Z2) >logfl+ ^^^^ 



XQ\Ty{dD{Z}),dD{z2)\ 

In particular, for zi, Z2 in D, we have (cf. [25, 31]) 

kD{zx. Z2) > log (1 + — J^i^^^-— > 



, dDiz2] 

log- 



min{dD{zi),dD(z2)} J o?d(^i) 

As a generalization of quasiconformal mappings, Vaisala introduced CQH home- 
omorphisms (cf. [25]). 
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Definition 2.1. Suppose f : D ^ D' is a. homeomorphism. Then / is said to be 
C -coarsely M -quasihyperbolic, or briefly (M, C)-CQH, in the quasihyperbohc metric 
if it satisfles 

^''^"''^^ ~ ^ < kn'ifix)Jiy)) < M kn{x,y) + C 

for all X, y G D. 

The following proposition easily follows from [7, Theorem 3]. 

Proposition 2.1. Each K -quasiconformal mapping in is an (M, C)-CQH home- 
omorphism with {M,C) depending only on {K,n). 

Theorem F. ([30, 2.50 (2)]) A domain D G W is c-uniform if and only if there 
is a constant /xi(c) such that for all x, y & D, 



kD{x,y) < /Ui(c)log 1 + 



\x - y\ 



mm{dD{x),dD{y)} 
where //i(c) is a constant depending on c. 

This form of the definition of the uniform domain is due to Gehring and Osgood 
[7]. As a matter of fact, in [7, Theorem 1], there was an additive constant in the 
inequality of Theorem F, but it was shown by Vuorinen in [30, 2.50 (2)] that the 
additive constant can be chosen to be zero. 

Theorem G. ([7, Theorem 3]) Suppose that G and G' are domains in , and that 
f : G ^ G' is a K -quasiconformal mapping. Then for all zi, Z2 G G, 

kG'iz[,Z2) < ii2m.ax{kG{zi, Z2), {kaizi, Z2))'^}, 
where the constant /X2 > 1 depends on K and n. 

Suppose that G denotes a domain in M", E and F are two disjoint continua in G 
and Mod {E, F; G) denotes the usual conformal modulus of the family of all curves 
joining E and F m. G. The following two related results are useful for us. 

Theorem H. ([11, p. 397], see also §11.9 in [21], §7 in [31] and [30, Lemmas 2.39 
(1) and 2.44]) For each n > 2, there exist decreasing homeomorphisms (t)n, ipn '■ 
(0, 00) — >■ (0, 00) such that 

0„(i) <Mod(£;,F;R") < V'n(i), 
where "dist" {resp. "diam") means "distance" {resp. "diameter") and 

^ _ dist(£;, F) 

min{diam£', diamF} 



Theorem I. ([6, Theorem 4.15], and [11, p. 397]) Suppose that G d W is a 
c-uniform domain. Then 

Mod {E, F; W) < ii^{n, c)Mod {E, F; G) 
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for every pair of continua E and F in G, where ^^{n, c) is a constant depending on 
n and c. 

Definition 2.2. Let Xi and X2 be two metric spaces with distance written as 
\x — y\ for X & Xi and y e X2, and let 77 : [0, 00) — >■ [0, 00) be a homeomorphism. 
An embedding / : — >■ is r]-quasisymmetric if 

\a-x\<t\a-y\ implies \f{a)-f{x)\<r]{t)\f{a)-f{y)\ ior all a, x, y e Xi. 

If there is a constant u > 1 such that 

\a-x\<\a-y\ implies \f{a)-f{x)\<u\f{a)-f{y)\, 

then / is said to be weakly v-quasisymmetric. 

Theorem J. ([22, Theorem 5.6]) Suppose that n>2,Gisa ci-uniform dommn in 
M and that f is a K -quasiconformal homeomorphism of G onto a domain G" C M . 
// both G and G' are hounded and G' is C2-uniform, then f is rj-quasisymmetric, 
where the homeomorphism rj = rjK,ci,c2 depends on K , ci and 02- 

For X, y in the internal metric dr, in D is defined by 

(5/) (a;, y) = inf {diam(Q;) : a C -D is a rectifiablc arc joining x and y}. 

Definition 2.3. Let ip : (0, 00) — )■ (0, 00) be a decreasing homeomorphism. We say 
that D is 99-broad if for each t > and each pair (Cq, Ci) of continua in D the 
condition Sd{Co,Ci) < i min{diam(Co), diam(Ci)} implies 

Mod(Co,Ci;Z))>(^(t), 

where 5DiGo,Gi) denotes the ^T^-distance between Cq and Ci. 

Here is a result concerning (/9-broad due to Gehring and Martio [6]. 

Theorem K. ([6, Lemma 2.6]) If D is a c-uniform domain, then D is (f{c)-broad, 

where Lp{c) depends on c. 

Definition 2.4. Suppose that A G D and 6 > 1 is a constant. We say that A is 
b-LLG2 (resp. b-LLG2 with respect to 6d) in D if for all x E A and r > 0, the points 
in A\B{x,br) (resp. A\Msjy{x,br)) can be joined in L>\B(a;, r) (resp. D\Msjy{x,r)). 
li A — D, then we say that D is b-LLC2 (resp. b-LLC2 with respect to So), where 

Bs^{x,r) ^{zeW: 5Diz,x) < r}. 
The next three theorems are crucial for further discussions in our investigation. 

Theorem L. ([10, Theorem 6.1]) Suppose that D and D' are hounded, that f : D 
D' is K -quasiconformal, and that D is ip-broad. If A G D is such that f{A) is 
b-LLC2 with respect to Sd' in D' , then /|^ : A — >■ f{A) is weakly H -quasisymmetric 
in the metrics 5d and 5^' with H depending only on the data 

\ dD{Xo) dD'{f{Xo))J 

where xq is a fixed point in A and Sd{A) denotes the So-diameter of A. 
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Theorem M. ([10, Theorem 6.2]) Let D C M" and let A d D he such that each 
X & A can he joined with a fixed point xq in D by a b-carrot in D. Then A is hoth 
^^{h)-LLC2 and ^^{h)-LLC2 with respect to Sd in D, where 115(b) depends on b. 

Theorem N. ([25, Theorem 4.15]) For proper suhdomains D and D' in Banach 
spaces, suppose that f : D ^ D' is {M ,C)-CQH. If '-j is a [cq, h)-solid arc in D, 
then the image arc 7' 0/7 under f is (cq, hi) -solid in D' with (cq, hi) depending only 
on {co,h,M,C). 

For convenience, in the following, we always assume that x,y,z, . . . denote points 
in a domain D in and x', y', z', . . . the images in D' of x,y,z, . . . under /, re- 
spectively. Also we assume that a, ^, 7, . . . denote curves in D and a', f3', 7', . . . the 
images in D' of a, /5, 7, . . . under /, respectively. 

Let G be a domain in M". For x, y E G, let /3 be a quasihyperbolic geodesic 
joining x and y in G. Suppose that G' is a c-uniform domain and f : G ^ G' 
is a X-quasiconformal mapping. Without loss of generality, we may assume that 
dc'iy') > dc'{x'). Let x'q e /3' be the first point along the direction from x' to y' 
such that 

da'ix'o) = sup do'ip'). 
p'e/3' 

It is possible that x'q — x' or y'. Clearly, there exists a nonnegative integer m such 
that 

2"'d{x') < dix'o) < 2'^+U{x'), 
and w'q the first point in f3'[x', x'q] from x' to x'q with 

d{w'o)^2"'d{x'). 

Let x'l — x'. If Wq = x'l, we let X2 = x'q. It is possible that x'l — x'^- If 
Wq 7^ x'l^ then we let ^2, . . . , x^+i G /3'[x',Xq] be the points such that for each 
i e {2,...,m + l}, x\ denotes the first point from x' to x'^ with 

d{x!^^T-U{x'i). 

Obviously, x'^j^i — w'q. li Wq x'q, then we use x'^^2 to denote x'q. 
In a similar way, let s > be the integer such that 

rdiy')<dix',)<r-'U{y'), 

and y'l Q the first point in l3'[y',XQ] from y' to x'q with 

d{yl,) = rd{y'). 

Let y[^^ = y'. If y'l o = y[^^, wc let y'^ ^ = v'lfl- It is possible that y'^ ^ = y'i,v If 
y'lfi 7^ y'j then we let y'12, ■ ■ ■ jyi,s+i the points in (3'[y',XQ] such that for each 
J G {2, . . . , s + 1}, y'lj is the first point from y[ ^ to x'q with 

d{yl^) = 2^-U{y'i^i). 

Then y[^^_^^ = yi ^. If ^ x'q, we let y[^^^2 = ^'o- 
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2.1. Elementary properties. By Proposition 2.1, in the following, we may assume 
that / : G — > G" is an (M, C)-CQH homeomorphism, where (M, C) depends only 
on {K, n). 

Lemma 2.1. For any e {1, . . . ,m} and z' e x'^+i], 

(1) dcK+i) < (l + 2(1 + (2/Xi(c)c'o + 8)3)e'^i) e^^+^ dG>{z'); 

(2) - 41 < (l + 2(1 + (2/ii(c)c'o + 8)3)e'^ij e^^+^ dcK^')/ and 

(3) max{|4 - - ;^'|} < (e'^^ + (l + 2(1 + (2/.i(c)c'o + 8)=')e''0"^^'^'''^' 

Proof. At first, we prove the following inequality by the method of contradiction: 

(2.2) 14+1 - 41 < (1 + (2/ii(c)c'o + 8)^)e'^^ rfG'(4+i)- 
Suppose on the contrary that 

(2.3) 14+1 - 41 > (1 + {2fi,{c)c'o + 8f)e^^ ciG'(4+i)- 

Let {4,i}) where i e {1, . . . , [//i(c)co + 4)^] + 2}, denote [(//i(c)co + 4)^] + 2 succes- 
sive points in ^'[4,4+i] with 4 ^ = 4, 4,[(mi(c)c^,+4)2]+2 = ^fe+i ^ ^ 
{1, . . . , [(//i(c)c'o + 4)2] + l}, |4,i+i-4,J > [J^'l'^'^ltri+r follows, [•] always 
denotes the greatest integer part. Then for each i e {1, 2, . . . , [(/xi(c)cq + 4)^] + 1}, 



\z' - z' 



min{dG'(4,i+i).c?G'(4,i)}^ 

> log(l + 



Ffc ^fc+il 



2([(/.i(c)c'o + 4)2] + 1Mg'(4) 



> hi, 

from which we infer that 

[(mi{c)cJ,+4)2]+1 

X] ^G'(4,i>4,m) < Co A;G'(4>4+l)■ 
^=l 

Hence Theorem F shows that 

(2.4) . 4)^1 . 1) log (l . ,(,(^,,,^:^-f,),^,(,,) ) 

Elementary computations and (2.3) yield 



([(/.i(cK + 4)^] + l) log 1 + 



M. Huang, Y. Li, S. Ponnusamy and X. Wang 



2(|(Mi(c)ci+4)^] + l)<iG.K) 

which contradicts (2.4). Hence (2.2) holds. 

Since /3 is a quasihyperbolic geodesic and / is an (M, C)-CQH homeomorphism, 
it follows from (2.2) and Theorem F that for any z' e fi'[x'k^x'^+-^\, 

^"^^^ < ^g'(^,-.-m) 

< MkG(z,Xk+i) + C 

< M kG{xk,Xk+i) + C 

< ko'ixl 4+i) + CM + C 

< n,{c)M' log (l + f^' ) +CM + C 

< /ii(c)M2 log (1 + 2(1 + (2/ii(c)c;, + 8f)e''') +MC + C, 
which implies that Lemma 2.1(1) holds. 

It follows from (2.2) and Lemma 2.1(1) that 

14+1 - 41 < (l + 2(1 + (2/.i(c)c'o + 8)3)e'^^)''^'^'''^'e^^+^ daiz'), 
from which Lemma 2.1(2) follows. 

To prove Lemma 2.1(3), without loss of generality, we may assume that 
min{|4 - z'\, 14+1 - ^'1} = 14+1 - z'\. 

If log (1 + ^;^) < h, then jx^+i - z'\ < {e^^ - l)dG'{z'). By Lemma 2.1(2), 
we have 

(2.5) \x'i,-z\ < \x'k+i- z\ + \x[ 



k+l 



Xl. 



< (e^^ + (1 + 2(1 + (2/.i(c)c'o + 8)3)e^^)^^(^)^'+'e^^+^) do'iz'). 

< c'o A;g'(4,4+i) 

< A^i(c)c[,logfl + ^^±V^) 

which, together with (2.2), yields the inequality: 

(2.6) 14 - z'\ <(1 + 2(1 + (2/.i(c)c'o + 8)3)e'^i) doiz'). 
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Inequalities (2.5) and (2.6) show that Lemma 2.1(3) holds. □ 
In the following, we let 

= (e'^i + (1 + 2(1 + (2/.i(c)c(, + 8)3)e'^y'^'^'''^'e^^+^ 

The following two results easily follow from the similar reasoning as in the proof 
of Lemma 2.1. 

Corollary 2.1. For any A; e {1, . . . , s} and z' e fi'[y'i fe, y'l ^+1], we have 

(1) dG'{y'i,k+i) <l^dG'{z'); 

(2) \y'i,k+i - y'i,k\ < ^ dc'iz'); and 

(3) max{\y[ ,^ -z'\, |yi fc+i -z'\}<n da{z'). 

Corollary 2.2. For any z' e P'[x'^+i.iy'i s+i[j the following hold. 

(1) dG'{x'o)<fidG'{z'); 

(2) - yls+i\ < daiz'); and 

(3) max{|a;;^+i - z'l \y[^^^^ - z'\} < dG>{z'). 

Lemma 2.2. For any z' G j3'[x' ,x'^^, 

\x' - z'\ < HQ dG'{z'), 

and for any z' e (3'[y',XQ], 

\y' - z'\< i^e dG'{z'), 

where /ig = A* + A*^ • 

Proof. We only need to prove the first assertion since the proof for the second one 
is similar. 

If 2;' G (3'[x', then there exists some A; e {1, . . . , m} such that z' G (3'[x'i^, x'|^_^_^], 

U k — 1, then the result easily follows from Lemma 2.1. U k > 1, then, by Lemma 
2.1, 

< n{dG'{x[) + ■■■ + dc'ix'k^i) + dG'{z')) 

< {n + n^)dG'{z'). 

Now we consider the case z' G /^'[^^m+i' ^ol- Then we infer from Lemma 2.1 and 
Corollary 2.2 that 

\x'-z'\ < ^x{dG'{x\) + dG'{x'^) + ■ ■ ■ + dG'ix'J + dG'{z')) 

< l^{dG'ix'^+,)+dG'iz')) 

< (lI + lJ^)dG'(z'). 

Hence the first assertion in Lemma 2.2 holds. □ 
Lemma 2.3. Suppose that \x' — y'\ > \dG'{y')- Then for every z' G 

\y' ~ z'\ + \z' — x'\ < pi \x' — y'l, 

where pi = 6(1 + S/ie)''^^'^^''^ + 2. 
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Proof. We need to deal with two cases separately. 
Case 2.1. min{|a;' — x'q\, \xq — y'\} < \x' — y'\. 

It follows from the hypothesis "dciy') > do'ix'y^ that 

do'ix'o) < inin{|x' - Xq\, \xq - y'\} + ddy') < S\x' - y'\, 
whence Lemma 2.2 implies 

(2.7) \y' - z'\ + \x' - z'\ < 2fiQdG'{z') + \x' - y'\ 

< {6fie + l)\x' -y'\. 

Case 2.2. min{|a;' — Xq\, \xq — y'\} > \x' — y'\. 

Let x'qi (resp. x'oa) be the first point in f3'[x',x'Q] from x' to x'q (resp. f3'[y',x 
from y' to x'q) such that I^q^^ — x'\ = \x' — y'\ (resp. \xq^2 ~ v'l — W ~ v'D- Then 
follows from Theorems F and Lemma 2.2 that 

kG'{x'Qi,x'o2) < ^i(c)\og(l+ . , ) 

V mm{ciG'(a^o,i),c?G'(%,2)}/ 

Z' I 1 "^0 2 1 

\ F - y\ 

< ;Ui(c)log(l + 3/X6). 

For all w' G /^'[a^o^i, 2], it follows from Theorem G that 

kaiw, xq^i) < kG{xo,i,xo,2) < )Ui(c))U2log(l + Sue), 

whence 

( 1 + J / ^ kG'{w',Xo ^) < fii{c)fillog (1 + 3 fie) 

V dG'[Xo^i) J 

which implies 

(2.8) ^ (l + 3/.6)'^^^'^'^^c^G'«i) 

since c?g'(^o,i) — dci^') + \xq^i — x'\ < 3\x' — y'\. 
Similarly, we have 

(2.9) k'-<2l < {l + ^f^er^'^'^dGix',^,) 

< Sil + Siier^'^^^'^lx'-y'l. 

If z' e /3'[x',x'oJ, then 

(2.10) \y' - z'\ + \x' - z'\ < \x' - y'\ + 2\x' - z'\ < 3\x' - y'\. 
Similarly, if z' e (3'[y',XQ2], then 

(2.11) \y' - z'\ + \x' - z'\ <3\x' -y'\. 
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Finally, the case we need to consider is when z' G /9'[a;o 2]- In this case, the 
inequalities (2.8) and (2.9) show that 

(2.12) |y' - z'l + |x' - ^'1 < V - x'q^x\^\A,\- - A,2\ 

< 2(3(l + 3/.6)''^^'^'^^ + l)k'-y'|. 

The combination of (2.7), (2.10), (2.11) and (2.12) completes the proof of Lemma 
2.3. □ 

Lemma 2.4. Suppose that for xi, X2 & G, the following hold: 

(1) l(xi,ri) nl(x2,r2) ^ 0; 

1 1 

(2) —dG{xi) < ri < —dG{xi); 

<JP2 P2 

(3) —dG{x2) <r2< —dG{x2), 

3p2 P2 

where p2 = (2*c)^. Then 

7 8 1 

■^dG{x2) < dGixi) < -dG{x2) and -ri < r2 < 4ri. 

Proof. For each y e 9B(xi, ri) fl B(x2, r2), since 

dG{y) > dG{x2) - r2, dG{xi) > dG{y) - n 

and 

dG{y) > dG{xi) - ri, dG{x2) > dG{y) - ra, 
we see that the lemma holds. □ 



Lemma 2.5. Suppose that for xi, X2 G G, the following hold: 

(1) -^dG{xi) < ri < —dG{xi), 

1 1 

(2) —dG{x2) <r2< —dG{x2), and 
3p2 P2 

(3) dist(B(a;i,ri),B(a;2,r2)) > — n /or /xy > 1. 

dist(B(xi,ri),B(x2,r2)) > -^r2. 

Proof. Denote the intersection point of [a;i,a;2] with the sphere dE>{xi^ri) by z, 
where [a;i,a;2] means the segment with the endpoints Xi and X2. From the fact 

dG{x2) -\z- X2\ < dG{y) < dG{xi) + \xi - z\, 
the proof easily follows. □ 
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For each /xg-cone arc rj G G with endpoints xi and X2 in G, where /^s (> 1) is a 
constant, let sq bisect rj. Then, we obtain 

Lemma 2.6. (1) For every u G ri[xi, sq], 

doiu) > — ; 

(2) For every u G ri[so,X2], 

2i{7][x2,u])+dG{x2) 



daiu) > 



Proof. It suffices to prove the first statement since the proof for the second one is 
similar. For every u G r][xi, Sq], 

daiu) > 

Ur)[xi,u] C Mi^u, -^dGixi)), then doiu) > {l/2)dG{xi). Otherwise, 

daiu) > ^daixi). 

Hence 

2i{r][xi,u]) + dG{xi) 
daiu) > — 

and so Lemma 2.6 holds. □ 

In the rest of this paper, we always assume that Di G D is a c-John domain. For 
Zi, Z2 & Di, let a G Di denote a rectifiable arc with endpoints Zi and Z2 satisfying 

min i{oi[zj, z]) < cdoiiz) for all z & a, 

i.e. a is a c-cone arc, and let Zq bisect a. Denote a[zi, Zq] and a[z2, Zq] by 7 and (3, 
respectively. 

The following two lemmas play an active role in the proof of our main result. 
Theorem 1.1. Moreover these lemmas are the improved forms of the corresponding 
ones in [12]. 

Lemma 2.7. There exists a simply connected domain Di^q — (J Bi^i C Di such 

i=l 

that 

(1) Zi, Zq G Di o, the closure of Di q; 

(2) For each i G {1, . . . , ki}, 

-^dD^Xi^i) < ri^i < —dDi{xi,i)] 

(3) If ki > 3, then for all i, j & {1, . . . , ki} with \i — j\ > 2, 

dist(5i,i,5ij) > ^^max{ri,i,rij}; 
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(4) Ifki>2, then 

1 

ri,i + ri,j+i - \xi^i - xi^i+i\ > max{ri,i, n^i+i} 

for each i & {1, . . . , ki — 1} , 

where Bi^i = M{xi^i,ri^i) , xi^i e 7, xi^i ^ for each i e {2,. . .,ki} and pa = 

10[p2c]. 

Proof. Let xi^i = z\. Set A\^\ = B(a;i^i, ri^i) with ri^i = 2^ c^Di 

If Zq G ^1,1, then we let Bi i = 1, and the domain Di q = Bi i is the desired. 

If Zq ^ ^1,1, then we let Xi^2 be the last intersection point of 7 from Zi to Zq with 
dAi^i. Set Ai^2 = IB(a;i,2,ri,2) with ri,2 = 2^ ciDi (0:1,2). 

If zo £ ^1,2 and 74i,i is contained in ^1,2, then we let Bi^i — A\^ii and the domain 
Di^o = is the needed. If 2^0 G ^1,2 and Ai^i is not contained in ^1,2, then we let 
i?i 1 = 1, Bi 2 = ^1,2, and the domain D^ q = Bi i U Si 2 is our desired. 

If Zq ^ Ai,2, then we let xi^s be the last intersection point of 7 from zi to with 
Mi,2. Set yli,3 = B(a;i,3,ri,3) with ri,3 = 2^ ciiji (0:1,3); • • • . 

We continue this procedure until there is some i G — 2} such that 

dist(^i,j,^i,s) < ^^max{ri,i,ri,J. 
Obviously, s > 3. We have the following claim. 

Claim 2.1. There are q balls Ci,i, • • • , Ci^g among Ai^i, • • • , Ai^g such that the con- 
ditions (2), (3) and (4) in the lemma are satisfied {possibly, q — 1). 

In order to prove this claim, we let Ai^t be the first ball from Ai^i to ^1,5-2 such 
that Ai^t n A,s 7^ 0- If ^i,t C Ai,s, then i = 1 and we let Ci,i = ^li,^. So g = 1 in 
this case. Otherwise, we divide the discussions into two cases. 

Case 2.3. ri,t + ri,s - \xi^t - xi,s\ > | n,s- 

We let Ci,j = y4i,i for each i G {!,..., t} and Ci,t+i = B(a;i,s, ||ri,s). Then 
Lemmas 2.4 and 2.5 show that the balls Ci,i, Ci,2, . . . , Ci,t and Ci,t+i satisfy the 
conditions (2), (3) and (4) in Lemma 2.7, and so q — t + 1. 

Case 2.4. ri,t + ri,^ - |xi,t - XiJ < | ri,^. 

In this case, we consider the ball = B(a;i,s, 2 ri,s). Let ^1,5^ be the first ball 
from Al l to Ai^t, whose closure A^^si has nonempty intersection with A^^. For each 
i G {si, ■ ■ ■ ,t}, we denote dist(Ai,i, Ai^g) by dj. Clearly, = if and only ii i — t. 
We divide the rest of the discussions into two subcases. 

Subcase 2.1. dg^ < ^'^i.s- 

In this case, we take Ci,i = Ai^i {I < i < si) and Ci^^-^+i = B(a;i,s, I'^i.s)- Then 
the balls Ci,i, Ci,2, • • • , Ci,sj, Ci^^^+i satisfy the conditions (2), (3) and (4) in our 
lemma. So = si + 1. 
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Subcase 2.2. dg^ > j^fi^s- 

Let 5i = dsi and 62 be the first di from dg^ to dt satisfying di < Si. Clearly, 
Si > 62- By repeating the procedure, we get Si, . . . ,Sm G {ds^, ■ ■ ■ , o?t} such that 

Si>S2> ■■■>Sm = 0. 

For each /i G {1, . . . , m — 1}, we denote = ©(xi^j^, ri^j^) the first ball from 

Ai^i to Ai,t with = Sh, and define £/i = - Sh+i- 

Subclaim 2.1. There must exist some j e {1, . . . , m — 1} s?ic/i ^/la^ ej > g^'^i.s- 

If m < p3, then the existence ofj e {l,...,m — 1} with £j > g^^'i.s is obvious 
because otherwise, 

-n,. < 5i - 5. < ^r,, < -ri, 

which is a contradiction. 

For the remaining case, namely, m > ps, we suppose on the contrary that Sh < 
g^ri^s for all /i e {1, . . . , m — 1}. Note that 

1 

Sm—pz Sjn — £fji—p^ ~l~ ■ ■ ■ ~l~ £m—l _ 

o 

Then for all h e {ni — ps, . . . , m — 1}, 

(^/. < \ri,s- 

If there exists some h e {m — p3, . . . , m — 1} such that 

then (At ,g \ Ai^s) ^ Ai,j^ contains a ball, denoted by 

B(a;o,j,^,ro,jJ with ro,i^ = > ^ri,^. 

Hence ri,i^ > ^ri,^. On the other hand, if Ai^i^ = B(a;i,i^, ri,,^) C (At,, \ Ai,J for 
some /i e {m — pa, . . . , m — 1} then we see that ri ^^ > |ri ,5, because otherwise, 

which is clearly a contradiction. We have thus proved that for each h e {m — 
P3,...,m- 1}, 

1 

4'' 

Hence 



2cp2ri,s = cdD^{xi^s) 

> i{'j[Zi,Xi^s]) 

> -^ri,s, 

which is the desired contradiction. The proof of Subclaim 2.1 is complete. 
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We come back to the proof of Claim 2.1. Let j be the least number in{l,...,m— 1} 
satisfying Subclaim 2.1 and let A\^g = B(xi,s, r|^^), where 

1 

By Subclaim 2.1, we see that for all i < i^+i, 

dist(4,„Bi,,) > j^n,s. 

We choose the following balls: Let Ci^j = Ai^i for each i e {1, . . . , i^+i} and 

Ci,ij+i+i = A.\ ^. It follows from Lemmas 2.4 and 2.5 that the balls Ci^i, ■ ■ ■ , Ci^i-^-^, Ci,, 
satisfy the conditions (2), (3) and (4) in the lemma. So q = ij+i + 1 in this case. 
The proof of Claim 2.1 is finished. 

We continue the proof of our lemma. 

We consider the balls Ci,i, • ■ ■ , Ci,q which arc obtained in Claim 2.1 from Ai i, ■ ■ ■ ,A 

If zq G Ci^q, then by letting = Ci^i for each i G {1, . . . ,q}, we see that the 
<? 

domain Di^ = [J Bi^i is the desired. 
1. 1=1 

If Zq ^ Ci^q, then we let Xi^g^i be the last intersection point of 7 from Zi to Zq 
with dCi^g. Set Ci,g+i = B(a;i,,+i, ri,,+i) with ri^^+i = 2^ ^£,^(0:1,5+1); ■ ■ ■ . 

By repeating the procedure as above, we will get a set of points {xi^i}'^^^ on 7 and 
a set of balls {Ci^j = B(a;i,i, ri,i)}fi;^ in -D such that Conditions (2), (3) and (4) are 
satisfied and Zq is contained in the closure of Ci^^^. By letting Bi ^ — Ci^j for each 

fci ' 

i G {1, . . . , ki}, we know that Di q = [J i?i j is the needed domain. Hence Lemma 
2.7 holds. '"^ □ 

A similar argument as in the proof of Lemma 2.7 gives 
Lemma 2.8. There exists a simply connected domain ^2,0 = U ^2,u C Di such 

u=l 

that 

(1) Z2, Zq G -D2,0; cloSUTC o/D2,0;' 

(2) For eac/i m G {1, . . . , k2\, 

1 1 

■7;— dDi{x2,u) < r2,u < —dDi{x2,u)] 
3p2 P2 

(3) If k2 > 3, then for all m, v G {1, . . . , ^2} with \u — v\ > 2, 

dist(52,„, ^2,^) > ^^max{ri,„,ri,„}; 

(4) // A;2 > 2, t/iera /or eac/i G {1, . . . , /c2 — 1}; 

1 

r2,u + r2,n+i - \x2,u " a;2,n+i| > ^^max{r2,„,r2,n+i), 
where B2,u = B(x2,„, r2,u), X2,u e /5 anc? X2,„ -B2,„_i. 
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In order to prove the next lemma we need the following result which is from [17]. 



Theorem O. ([17, Theorem 1.2]) Suppose that Ei and are two convex domains 
in a Banach space, where Ei is bounded and E2 is c-uniform for some c > 1, and 
suppose that there exist zq E Ei n E2 and r > such that M{zo,r) C Ei n E2. If 
there exist constants Ri > and cq > 1 such that Ri < cor and Ei C M{zo,Ri), 
then El U E2 is a p^-uniform domain with p4 = (c + l)(2co + 1) + c. 

Lemma 2.9. D^^q is a p^-uniform domain, where p^ = 2^°cp2P3- 

Proof. It suffices to prove that for all Ui and U2 G Di o, there is a double ps-cone 

arc (/9 in Di q connecting ui and U2- 

Wc first consider the case where there is an i G {1, . . . , /ci — 1} such that Mi, 
U2 G U -Bi,i+i. Under this assumption, clearly, the existence of ip follows from 
Theorem O. 

Next, we consider the case where there are i,j G {1, . . . , k} such that j — i > 2, 

Ui G Bi^i, U2 G -Bij and {mi, ^2} is not contained in Bi^tUBi^t+i for alH G {i, . . . , j — 
1}. It suffices to prove the case: Ui ^ [2^1,1, a;i^j+i] and U2 ^ [xi,j-i,Xi^j\ since the 
discussions for other cases are similar. 
Let 

(/? = [lii, Xi,j] U [xi^i, xi^i+i] U • • • U [xij-i, xij] U [xi^j, U2]. 
For each u G </?, if m G [wi, xi^i], then 

l{ip[ui,u]) = \ui -u\ < dD^^oiu). 

Also if K G [k2,2;i,j], then 

l{ip[u2,u]) = \U2-U\ < ^Di.oH- 

In the following, we consider the case u G (/^[xi^i, xij]. Clearly, there exists a 
i G {i, . . . , j} such that u G Bi^f If G Sij, then by Lemma 2.7, 

£(v?[m2,m]) < 2ri,j < 2^p^dD,,,{u). 
Similarly, if m G -Bi,i, then 

^{^[uuu]) < 2ri,i < 2V3C?Di,oW- 
So it remains to consider the case: u G (p\[Bi^i U Bij). Then Lemma 2.7 imphes 

i{ip[ui,u]) < i{^[ui, xi^t]) + rxt 

< 2cdDi{xi,t) + ri,t 

< (6cp2 + l)ri,t 

< 2\6cp2 + l)p3dD,M. 

Hence is a 2^(6cp2 + l)p3-cone arc. It follows from Lemma 2.7 that 

max{ri,i,rij} < 2^311*1 - U2\, 
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whence 



< 2'^p3\ui - M2I + 3cp2nj 

< 2^Cp2P3\Ui - U2\. 



The proof of the existence of (p is finished. 



□ 



The following corollary is a consequence of Lemmas 2.2, 2.9 and Theorem F. 
Corollary 2.3. (1) For all x and y e -Di,0; 



where pg is a constant depending on p5,K and n. 

The following result easily follows from a similar argument as in the proof of 
Lemma 2.9. So, we omit its proof. 

Lemma 2.10. The domain ^2,0 defined in Lemma 2.8 is p^-uniform, where p^ is 
the same as in Lemma 2.9. 

For alH e {2, . . . , /ci — 1}, let Xi^i and Xi^j+i denote the centers of the balls 

Bi i_i,Bi i and respectively, as constructed in Lemma 2.7. If a;i i_i,a;i i and 

Xi^j+i are not collinear, we use 6i := Zxi^i^iXi^iXi^i^i to denote the angle determined 
by Xi^i_i,Xi^i and Xi^j+i with 9i < 71. We let 6'j = tt if they are collinear. Then we 
obtain 

Lemma 2.11. If 6^ < 7r/2, then sin^^ > 1/(2^3) for t e {2, . . . , ki - 1}. 

Proof. Let T be the 2-dimensional subspace containing Xi^i^i, Xi^i and Xi^i^i. Then 
we let Xq,Xi G ri^j+i) fl S(,Xi.j, ri j) flT. The hypothesis implies that [a;o,a;i] 

is orthogonal to [xi^i,Xi^i+i]. Let X2 be the intersection point of [xi^i,Xi^i+i] with 
[a;o,a;i]. It follows from Lemma 2.7 that 




(2) For wi, W2 G Di^o, suppose that rj' C D[ q is a quasihyperbolic geodesic joining 
w'l and W2 in D[ q and that f 0,0 G V satisfies 

dDi,o{vo,o) = supciDi,o(p)- 




X2-Xo\> -(ri,i + ri,j+i - 



^M+i|) > 



1 



max{ri,i,ri,i+i}. 



2^3 



Hence 



sin Oi > sin ZxoXi,jXi,j+i 



sin 




and the proof is complete. 



□ 
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3. Proof of Theorem 1.1 

In what follows, we assume that C -D is a c-John domain and D' is an a- John 
domain. For zi and Z2 G -Di, we will construct a cone arc in D'^ to join z[ and Z2 
in the sense of "diameter" . Clearly, this approach shows that D[ is a John domain. 
In order to construct such a cone arc, we let a C -Di be a c-conc arc with endpoints 
Zi and 2:2, zq bisect a, and let 7 = «[2;i,2;o], /3 = a[z2^ZQ\. We assume further that 
Di^Q and Z^2,o are the simply connected domains constructed as in Lemmas 2.7 and 
2.8, respectively. Set 

7i,o = [^1,3:^1,2] U • • • U [xi,fei-i,a;i,fei] U [xi^ki.Zo] 

and 

Pifl = [^2j 2:2,2] U • • • U [a:2,A;2-i, 3^2,^:2] U [2^2,^:2) ^o]- 

Obviously, 71^0 \ {-^o} C -Di.o and \ {zq} C -D2,o- Finally, we will construct the 
needed cone arc based on 7^ q and /3J q- order to complete the task, we need to 
prove several lemmas. 

Lemma 3.1. For each z e D^ q, we have 

doiiz) > (p2 - l)dDi,o(^), 

and for each z G 7i,o[-2i, 

(1) do,{z)<2\Zp2^\)pzdn,,{z); 

(2) dj,,^{z') < {2\3p2 + l)p3l^2Y'dD',,(z'). 

Proof. For every z e -Di,o, by Lemma 2.7, there exists a j e {!,... ,ki} such that 
z e -Bij-. Without loss of generality, we may assume that Bi^i is the last ball from 
Bi^i to Bi^ki such that z e Bi^i. Then 

C^Di(^) > C?Di(a;i,j) X-i^i\ > {p2 - l)dDi^o{^l,i) > {P2 " 1)^^1,0 (^)- 

For all z e 7i,o[-2i; ^ii^fcj, we still assume that Bi j is the last ball from Bi i to 
such that z e Si j. Again, Lemma 2.7 implies 

do.^oiz) > ^^i.i 

and 

doii^) < dDi{xi,i) + ri^i < (3p2 + 

whence 

dD,{z)<2\3p2 + l)p3dD,,oi^) 
which shows that (1) holds. 
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Since for all u E S(^z, (^01,0(2^)) 

1 \ , / \u — z\ 

log 1 + -r- -— < log 1 



< 



< 



\dw\ 
,u] doiiw) 
1 



we see from Theorem G that 



kD',{z',u') > (-log + — -J- 



P2-2' 

> 



+ I)p3/y ((28(3p2 + l)p3)/^2)'^'-l' 



whence 



u' e M"\B (z', --7- ^- —dD' {z')) . 



Then the proof of (2) easily follows from the fact that f{^{z, doioiz))) C D'-^ q. □ 

Lemma 3.2. For each z e 71,0, -^(71,0 [-^i, -z]) < Pedoiiz), where pe — fc. 

Proof. Clearly, for every z G 71,0, there exists an i G such that z G 

It follows from Lemma 2.7 that 

KliA^i^A) < Kli^i^^iA) + '>^hi < (c + —)dDi{xi,i) < Pedoiiz), 

^ P2' 

from which the proof follows. □ 

The following result easily follows from Lemma 3.2 and the similar reasoning as 
in the proof of Lemma 2.6. 

Lemma 3.3. lju G 7i,o[a^i, 2:2] for X\ and X2 G 71,0, then 
2^(7i,o[a^i,M]) + dnixi) 



(2) dn{u) > 

Lemma 3.4. For allui, U2 G 71,0, 1ifl[ui,U2] is a double 2^cp2P3-cone arc in D^. 

Proof. Clearly, for all ui,U2 G 71,0, Lemma 3.2 implies that for each z G 71,0 [i^i, 1*2], 

(3.1) ^(Ti.oK, z]) < i{^i,o[zi, z]) < p&dD^{z). 
We need to prove 

(3.2) ^(7i,o[mi,M2]) < 2^cp2P3|Mi - M2|- 

We first consider the case where there is an i G {1, . . . , fci — 1} such that Ui, 
^2 e ^1,1 U ^1,1+1- Without loss of generality, we may assume that i > 1 since the 
proof for the case i = 1 is similar. 
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If ui and U2 lie on the segment [xi^i-i,xi^i] or [xi^j, xi^^+i], then 

(3.3) ^(7i,o[mi,M2]) = \ui-U2\. 

Now we assume that {ui,U2} is contained neither in [xi^i^iXi^i] nor in [xi^jXi^j+i]. 
If 9i = Zxi^i-iXi^iXi^i+i > f , then 

(3.4) iili.obii,U2]) <2\ui-U2\. 
If < |, then Lemma 2.11 implies that 

(3.5) — 1*2! > t^sck{\u2 — xi^i\,\ui — xi^i\} sin 9i 

> ^^(7i,oK,ii2]). 

The remaining is to consider the case where there are i,j e {1, . . . ,ki} such that 
J — i > 2, Ml e Bi i, U2 e Bi j and {ui,U2} is not contained in Bi t U -6i,t+i for all 
t E {i, . . . ij — 1}. In this case, it follows from Lemma 2.7 that 

max{ri,i,rij} < 2^'p3\ui - U2\. 

Hence the inequalities in (3.1) and Lemma 2.7 show that 

(3.6) ^(7i,o[mi,M2]) < PddDiiu2) 

< (1 + 3p2)P6^1,i 

< 2^Cp2p3\Ui-U2\. 

Finally, the proof of (3.2) follows from the inequalities (3.3), (3.4), (3.5) and (3.6) 
and the proof of the lemma is complete. □ 

For all x[ and G D[ g, Lemma 2.7 implies that there exist Si, S2 G {1, . . . , ki} 
such that xi G Bi^si and X2 G -Bi,s2- Let Di^i = Ul^g_^Bi^i and let ao be a rectifiable 
curve joining xi and 0:2 in Di^i. Then it follows from the similar reasoning as in the 
proofs of Lemmas 2.7 and 2.9 that 

Lemma 3.5. If for all x' G olq, iiptQ^x'^^x'^) < piodo' {x') for some constant pio > 
1, then there exists a -uniform domain 

D'2,1 = U ^3,i C D[^i 

i=l 

such that 

(1) x'l, x'2 G the closure of D'21; 

(2) For each i G {1, . . . , k^}, 

1 1 

(3) -41 < 7nr^^D{,{x'^.kd' ^^^^^ ^3,i = B(a;'3_i,r3,i), G ^ Eg^j.i 

^ PlO 

/or a// i G {2, . . . , /cs} anc? is a constant depending on Hiq. 
By Theorem A, Lemmas 2.9 and 3.5, we have 
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Lemma 3.6. The domain 1)2,1 = /^^(-D2,i) is a ps-uniform, where ps is a constant 
depending on P5,p7 and K. 

Lemma 3.7. For allui, U2 e 71,0, 4d(7i,o[mi, ^2]) < '2^^c^P2P3kD{ui,U2) . 

Proof. In view of Lemmas 3.3 and 3.4, we have 

\dx\ 



4c(7l,o['"l,'«2]) 



7l,o[«l,W2] '^d{x) 

2^(71,0 [1*1,^*2]) 



< 2p6log 1 + 



doiui) 



< 2p6 log ( 1 + 29cp2P3 



doiui) 

< 2^^C^p2P3kD{Ui,U2) 

which concludes the proof of the lemma. □ 

For the convenience of the statement of our main lemma below, we list down the 
related constants that we use in the proof. 

(1) P9 = 18p2P6/^9 ((2(1 + SlIgT'^'^""^ + 1) + 1) , 

(2) pio = {2Wpln,y, 
' ^l^l Kiis{p5,n)pliig \ ' 

iog(3/2) ; ' 



(3) Pii 



(4) P12 = ipioPuY'^^ 

(5) pi3 = P10P12, 

(6) pi4 = max {pI^, ApgH {n, K, p5{a), (p{ai), piopii, pI^)} , 

(7) p,,^2^^.3'^^^pll{pnP2r, 

(8) P16 = P7P8 max (77(^15), (piopii)^^}, 

9) pn = — , and 

(10) = (P2P11)''". 

Lemma 3.8. For each z' e 7^ 3, diam(7( o[-2i, -z']) < Pisdn'^iz'). 

Proof. Suppose on the contrary that there exists a point z' e 7( such that 

(3.7) diam(7i Jzi,z']) > pisdD[iz'). 

Let z[ q be the first point in j[ q along the direction from z'l to z'q satisfying 

(3.8) diam(7;_o[4, ^ q]) = pisdD[{z[^o) , 
and let Zq q G 7(^0 [-^i; -^1,0] ^^ch that 

(3.9) diam(7;_o[^;, 4 q]) = ^diam(7;_o[^;, q]). 
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Since 2:1,0 G 71,0, by Lemma 2.7, there exists an ii e {1, . . . , ki} such that 2:1,0 G 

Claim 3.1. There exists v[q G 7i o[-2o o; -^'i 0] ■^''^c/i that 

K,o - x'i,h \ ^ 7diam(7;_oK,^i,o]) and A^Di (4,n , ^^^,0) > log -^^^ 



4 \ /1,UL-1' ■-l,UJ/ -^1 -1,U/ — — O 

We first prove that there exists v[ g G 7i ol'^o O' 0] satisfying the first inequality. 
For each x' e 7i,o[3^i,n' ^mI' ^® 

, /■ \dw\ 1 

kDAxi,i„x)< < 

which together with Theorem G show that 

max (log log f^'}^\ , log (l + ^^^Vr^) 1 < /co; (x'l , x') 

whence 

e-^'dn',{x') < dn'M,h) ^ ^"'dD'.ix') and \x[^^^ - x'\ < e^^dn',ix[,h)- 
The last inequalities together with (3.8) imply that 

(3.10) c?^j(4,n) < e'''do'M,o) = — diam(7i,oK,4,o]) 

P18 

and so 

\x[^i^ -x'\ < diam(7i oK,^i,o])- 

We conclude that 

(3.11) diam(7; oK,i,,^i,o]) < ^^diam(7i o[^i, ^i o]). 
Hence (3.9) implies 

2 

diam(7;^o[4^o,,T;^,J) > -diam(7{ ^ [2:;, ^ _(,]). 

The existence of the needed point ^ 7i of-^o O' ^1 jj ^'^^ follows. 

The points v[ q determined as above must satisfy the second inequality in Claim 
3.1. Indeed this is obvious from (3.10), the first inequality and the fact 



'=..W,...<.).log(l + ^^) 



dD[{x[, 

Claim 3.2. For all z G 71,0 [%o, ^1,0], doiz) < pii£(7i,o[2:i, 2:]). 

Suppose on the contrary that there exists some point z e 71,0 [-^0,0, -^1,0] such that 

doiz) > pii£(7i,o[2:i,2:]). 
Let xi,o be the first point of 7i,o[:2o,o, ^1,0] from ^0,0 to zi^q satisfying 

doixifi) > Pii^(7i,o[^i,a^i,o])- 
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Then for every y e 7i,o[2;i, a;i,o], 

7 / N / /" M^l / \y- ^i:ol ^ 1 

kD{y,Xi,o)< -:r^ < T, TTTT^ — 



'[y,^i,o] ^Dix) (1 - ■^)dD{xi^o) Pii - 1' 
which together with Theorem G show that 

log (^1 + j^^^^ < ^D'(y',<o) < /^2(A:D(y,xi,o))^ < log^. 
We conclude that 

\y'-x'i,o\ < -^dD'{x[^o) 

which yields 
whence 

4 

diam(7;_oK>^i,o]) = 2diam(7;_o[z;, z^g]) < -dD'{x[^o)- 
This implies 2;']^ q G B(a;']^ Q, q)) , and so 

do'iz'i^o) > do'ix'i^o) - \4,o - x'lfil > ^do'ix'i^o) 

showing that 

diam(7; o[4,4,o]) < 4rfD'(4,o)- 
Therefore we infer from (3.8) that 

4 

(3.12) dD[{z[^o) < — dD'{z[o). 

Pl8 

Concerning the relation of the curve 7i,o[-2i, -^i.o] and the sphere §(2:1,0, ^o?Di(-2i,o)), 
we have 

Proposition 3.1. 71,0 [-^i, -^1,0] n §(2:1,0, -^doiizifi)) 7^ 0- 

Suppose on the contrary that 7i,o[^i, ^1,0] ^ §(2:1,0, ^c?Di(^i,o)) ~ 0- Then for each 
y e 71,0 [^1,^1,0], 

(3.13) fe,to,.,„)</ J%< ,^ \-';-"\ <-^. 

J[y,zi,o] dDA^) (1 - ■^)dDAzi,o) Pu - 1 

Let y[ G 7i,o[-2i, 2;'i,o] such that \y[ — z[^q\ > |diam(7^ qI-^i, -Si,o])- Then (3.8) implies 
that 



By Theorem G and (3.13) 

log (^1 + ^) < kD'M^z[^,) < /i2(A;Di(2/i,^i,o))^ < 1^2 (;^^7n) 

which is a contradiction, and therefore, the proof of the proposition is complete. 
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Now, we continue the proof of Claim 3.2. The rest of the discussion is divided 
into two cases. 

Case 3.1. doizifi) < 2cdDi{zi^o). 

By Proposition 3.1, we take zi^i e 7i,o[-Si, -Si,o] n§(2;i,o, -^dDiizifi)) . Then 

(3.14) .,,„) > log (l + ^ij^) > log (l + ^) . 
Since 

, . /■ \dx\ 1 

Theorem G gives 

log (l + ^rV^^) < kD[{z[^i,z[^Q) < H2{kD,izi,i, zi,o))^ < log^ 
which shows that 

14,1 - 4,ol < -^dD[{z[o). 
Hence the inequahties (3.12), (3.14), and Theorem G yield 

This is a contradiction. 
Case 3.2. doizifi) > 2cdDAzi^o). 
We let z[^2 ^ 7i,o[4> ^i,o] ^^^h that 

(3.15) Iz'i 2 - z'i,o\ > ^diam(7; oK, 4,o])- 

Let Bi = B(2;i,2, |o?Di(^i,o)) and B2 = B(2;i,o, ^o?Di(^i,o))- Then, since (3.1) yields 

(3.16) \zi^2 - zifil < ^(7i,o[^i,2, ^1,0]) < Pedoiizifi), 
we obtain from the assumption "doizifi) > 2c(iDj(^i 0)" that 

(3.17) BiUB2CM{zi,o,dD{zi,o)). 
We infer from (3.8) and (3.15) that 

whence Theorem G shows that 

kDi{zi,2, Zi^o) > 1. 

Then Bir\B2 — 0, because otherwise Zi^2 £ '^{zi,o: (-2^1,0)) implies that /cdi(-2i,2, -2^1,0) < 
1. 
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Since for every y e E>{zi^o, -i-rf^,, (2:1,0)) , 



, . /■ \dw\ 1 

J[y,ziM dD,M Pu - 1 



we see from Theorem G again that 

1 4 3 

(3.18) /cd;(|/',<o) < f^2{kDAy,Zi,o))^ ^ 9^°^2' 
Also, we see that for all z' e M{z[ q, dD[{z'ifi))\M(^z[ Q, |c^Di(^'i,o))) 

*„i(.-',.-5,)>.og(l + ^M(g)>log|. 

Hence (3.18) implies 

(3.19) f{B,)cM{z[^„Un'M,o)) 
whence (3.8) and (3.15) show that 

(3.20) dist«2,/(52)) > |<2-<o|-diam(/(S2)) 

- ^^^;;^^^^"^(^i.oK>^i,o])- 

We get from (3.17) and (3.20) that there exists a simply connected domain Gi C Bi 

such that 

(1) zi^2 e Gi; 

(2) diam(G'i) > jdoiizio); and 

(3) dist(/(G0,/(i?2)) > ldiam{i,^,[z[,zl,]). 

We deduce from (3.16), (3.17), Theorems H and I that 

Mod{G,,B2-Mz,,o,dD{zi,o))) > / . Mod(G'i,E2;R") > / > n(^cpn), 
where p = f . But we get from (3.8), (3.19) and Theorem H that 

Mod (/(Gi), /(i?2); /(B(^i,o, dD{zi,o)))) < Mod (/(d), /(i^a); M«) < ^'^(^pis), 
which implies 

4 1 i 

0n(^Cpii) < ll3{n,p)K2pn{^Pl8) < Psiu, pjK^pniPn) < 0n((P2P9Pl4Pl6)'^^^^) . 

This is clearly a contradiction. We complete the proof of Claim 3.2. 

The following result easily follows from (3.1) and Claim 3.2. 
Corollary 3.1. For each z G 71,0 [^0,0, ^1,0], doiz) < pepiido^iz). 
Claim 3.3. For all Xi,X2 G 71,0 [-^o.O; 2:1,0], we have 

kDi{Xl,X2) < 2^C^p2pukD{Xi,X2). 



26 M. Huang, Y. Li, S. Ponnusamy and X. Wang 

If \x2 — xi\ < \dD■^{xl), then Corollary 3.1 implies that 

\dx\ 



kDi(xi,X2) < I 



[xi,X2\ dDi{x) 
^ 2\X2-Xi\ 



< 3 lo (l + li^^mlA] 

< 3p6Pii log ( 1 + 



X2- Xi\ 



doixi) 
< SpepukD{xi,X2). 

If \x2 — Xi\ > ^doiixi), then it follows from Corollary 3.1, Lemmas 3.3 and 3.4 that 
7 / \ f \dx\ 

kDAXl,X2) < j 

J 71,0 



< 2p6log 1 + 



2^(71,0 ki,a;2]) 



doi (xi) 



< 2p6 log(l + 2Vp3-'''' 



dDi(xi) 



< 2pQ log 1 + — c P2P3P11 



7 doixi) 

< 2^C^p2PllkD{xi,X2). 

The proof of Claim 3.3 is complete. 

Let a'^Q be an arc in D[q with endpoints w[, w'2 G D'^o- We introduce the 
following concept. 

(5-f^-Condition. We say that a'-^ Q satisfies QH -Condition if the following hold. 

(1) kD'{w\,w'2) > (pioPii)^; 

(2) There exist successive points rjQ {= w[),rii, . . . , rj'p^^ {— W2) in a'^ Q and a constant 
l^ii e [1, (pioPii)^] such that for all i, j e {0, . . . , pio - 1}, 

—kD'{Vj,v'j+i) < kD'{Vi,Vi+i) < fJ^iikD'{v'j,Vj+i)- 
fJ'ii 

Let w'q e a[ Q such that 

(3.21) dn'Jw'o) = ,inf do'Jz'), 

^ '="1,0 

and for each i e {0, . . . , pio — 1}, we let u[ e (^ifliv'v v'i+i] such that 
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Proposition 3.2. Suppose a[ q satisfies QH -Condition. Then for every i G {0, 1, ... , pio- 

v[iu\{dD'{u[),dD'{ni+i)] < diam(a'^ Q). 

We prove the proposition by contradiction. Suppose there exists a t e {0, 1, . . . , pio— 
1} such that 

miTi{dD'{u't),dD'{r]'t+i)] > diam(a'i_o). 

Then 



which implies 



so that 



kD'{ut,Vt+i) < 2 



pio-l 
1=0 

1=0 

which contradicts the assumption that "ko'iw'i, wi^) > (pioPii)^", and thus the proof 
of Proposition 3.2 is complete. 

Proposition 3.3. Suppose a'^ Q satisfies QH-Condition. Then 

2 2 2 f diam(Q;'^Q) 
kD'{w^, W2) < 48a log 1 + , . ,\ 

\ dD'[WQ) 

To prove this proposition, we let /?,■ be an a-cone curve joining u'- and ri'-_^^ in D' 
for each i G {0, . . . , pio — 1}. This can be done because D' is an a- John domain. 
In the case where there exists some s G {0, . . . , pio — 1} such that 

< diam(a;,o), 

we deduce from Lemma 2.6 that 

\dx\ 



kD'K:Vs+l) < / 7^ 



(x) 



< 8alog(l + -f) ) 



< BaloK ( 1 , ^ , 

do' [Wo) 
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whence 

pio-l 

(3.22) kD'{w[,W2) < kD'{v'i,Vi+i) 

i=0 

i=0 

^ Qo 2 2 1 A ^ diam(a; o)\ 
< 32apio/X2/Uii log 1 + , ,s . 

In the remaining case, if for each i G {0, . . . , pio — 1} 

> diam(«;,o) 

holds, then it follows from Proposition 3.2 that for each i e {O,l,...,pio — 1}, there 
exists vl e PI such that 

— diam(Q;'^Q) < d^'iv'^ < diam(Q;'^Q). 
We easily obtain that for alH e {0, . . . , pio — 1}, 

Hv'„ ^dniv'^) C 1(7?;, (a + ^)diam(a;,o)). 
Then there exist p 7^ q & {0, . . . , pio — 1} such that 

(3.23) B«, Idn'iv'^)) n B{v'^, ^dn'^^)) ^ 0, 
because otherwise, 

[a + ^)"vol (1(7^;, diam(a;_o))) =Vol (1(77^,, (a + ^)diam(a;,o))) 

Pio-l -| 

>5]Vol(B>;,-d^,(.;0)) 

>(^) pioVol(B-(77(„diam(a;,o))), 

where "Vol" denotes the volume. This is clearly a contradiction. 
We divide the rest of the arguments into four cases: 

(1) £(/3;K,<+i]) < W,) and £(/3a<,<]) < W,): 

(2) ^(/3;K,n;]) < i£(/3;) and £(/?;[<,«;]) < |£(/5^); 

(3) < |^(/9;) and n/3;K,<+j) < w,)-. 

(4) n/3;K,t^;]) < W,) and ^(^;K'<+i]) < 

It suffices to discuss the first case since the discussions for the remaining three cases 
are similar. 



The quasiconformal invariant properties of John domains in R" 29 

By Lemma 2.6, we see that 

do'iv'p+i) 



<4a log 



9 / dD'iv') 
<4aMog 1+ " 



<^a^ log 1 + 



diam(Q;'^ o 



and by (3.23), 

^D'{v'p,v^ < 2. 
Hence we conclude from Proposition 3.2 and (3.21) that 

2 1 A ^ diam(a; o) \ 
<8a log 1 + , + 2 

2, f. ^ diam(a;o)\ 
<12a^ log 1 + , , ,[ . 

Therefore, 

Pio-l 

(3.24) kD'{w[,w'^) < ^ A;D'(?7:,?7m) 

i=0 

Pio-1 
i=0 

^ ,o 2 2 2 1 A , diam(a;o) 
< 48a log 1 



The combination of (3.22) and (3.24) completes the proof of Proposition 3.3. 

Suppose that v[ q G 7i. Q satisfies Claim 3.1 and is a quasihyperbolic geodesic 
joining x[ -_^ and v[ q in D[ q. We recall that Di q is a ps-uniform domain (see Lemma 
2.9). Then 

Claim 3.4. For z e 72,0, we have \w — z\ < pgdoioiz) for every w e 72,obi,0)^]- 
To prove this claim, we let ^0,0 £ 72,0 such that 

(^Di,o(«'o,o) = sup dDi,o(p)- 

pe72,o 

If ^0,0 £ 72,o[-2, then Corollary 2.3 shows 
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If Wofi G 72,obi,o, 2;], then it follows from Corollary 2.3 that 

(3.25) \xi^i^ - z\< ngdoi^oi^)- 
If \xi^i^ ~ ^1 < |c^Di,o(^i,ii)) then it is obvious that 

If |a;i,ji — z\ > |<^i:)i,o(^i,ii)) it follows from (3.25) that 

rfDi,o(^) > ^c?Di,o(a;i,n)- 

Thus, we have 

(3.26) o?Di,o(^) > ^/Di,oixi,h)- 
It follows from Claim 3.1 and Theorem G that 

whence 

max{(iDi.o(^'i,o),c^Di,o(a^i,ii)} < 2|xi,i, -^'i.ol- 
We get from (3.25), (3.26), Lemmas 2.3, 2.7 and 3.2 that 

\w - Z\ < \W - Vifll + - Xi^i^l + \xi^i^ - z\ 

< 3(2(1 + 3/i9)'^^(^)^' + l)\vi,o - xi,i,\ + \xi,, - z\ 

< 3p6(2(l + 3^9)^^^^'^^^ + l)dDAxi,-n) + ^^9dD,,,{z) 

< 9p2P6(2(l + 3^9)'''^'^''^ + l)dD,,„{xl,^J + l^gdnUz) 

< 18p2P6//9((2(l + Sptgr^^'^'^"^ + 1) + l)dD,,,{^), 

from which the proof of Claim 3.4 is complete. 

Claim 3.5. For each z G 72,0; we have 

(1) (p2 - l)c?Di,o(^) < C^Di(^) < ^d{z) < 2^(3p2 + l)P3P6P9PllC^Di,o(^); 

(2) dD'^iz') < i2^^Cp2P3P9Plll^2T'dD'^^iz'). 

We first prove Claim 3.5(1). Since 72,0 C -Di,o, it follows from Lemma 3.1 that for 
each z e 72,0, dmiz) > {p2 - l)dDi,o(^)- 

It follows from Claim 3.4 and the similar reasoning as in the proof of (3.26) that 

do^oi^) > — \vifl - z\ 

P9 

and 

do^A^) > ^C?Di,o(^^l,o)- 

Then we deduce from Lemma 3.1 and Corollary 3.1 that 
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If 1^1,0 — ^1 > ^doiz), then 

P9 ^P9 



If |'*^i,o ~ z\ ^ ^d^iz), then 



^doiz) < doivifi). 



Thus, 

doiz) < 2^{3p2 + l)p3P6P9PllC^Di,o(^)- 

We finish the proof of Claim 3.5(1). 

The proof of Claim 3.5(2) easily follows from a similar argument as in that of 
Lemma 3.1(2). Hence Claim 3.5 holds. 

Claim 3.6. If kr,'^^{w[,W2) > pioPii forw[,W2 G 72 q, then 

kD'{w[,w'2) > I ko'^ {w[,w'2). 
^ P9P11P2P9 

Let's now prove the claim. Since by Theorem G 

(3.27) kD,^oi^i,W2) > —kD'{w[,w'2), 

P2 

we obtain from Corollary 2.3 and Claim 3.5 that 

kDi,oi'Wl,W2) < /Xglog (1+ ty) 

( r.12 h^-"! ~ ''^''2 1 

< log 1 + 2 cp2pip9pvv—rr-i — T-TT — ^ 



which together with (3.27) imply 

\w\ — W2I 



> 1. 



min{ci£)(wi),ciD(w2)} 
Hence 

(3.28) A:di.o(«^i,«^2) < 2^V9Pii/^9log f 1 + ■ J7 "^jl u l 

V mm{d£)(wi),dD(w2)}y 

< 2^^pgpiip.9kD{wi,W2), 

whence kD{wi,W2) > P2- Therefore, (3.27), (3.28) and Theorem G yield 

kD'{w[,w'2) > —kD{wi,W2) > -T^ —kD'{w[,W2), 

P2 2^^pQPuPiP9 '° 

from which Claim 3.6 follows. 

As the first application of Claim 3.6, we have 

Claim 3.7. If kD'^^{v[,V2) > Pi2 for v[, v'^ G 720; then 72,obi)'^2] satisfies the 
QH-Condition with the constant pn — 2^^p9pii//|//9. 
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In order to prove the claim, we let Ci = 't'l, • • • , Cpio+i — "^2 72,obi' "^2] ^^ch that 
for all ie {1,.. . ,pio}, 

Ko(CUm) = ^Ko(^i'^2)- 



By Claim 3.6, we have 

Z P9pii/i2/i9 

Since A'"/)/ ^^(C-, C'+i) — ^ ^^'^ ^^^^ ^ ^ {l)---)Pio}, we see that for all i, j e 
{!,..., pio}, Claim 3.6 shows again that 

1 



> 



This completes the proof of Claim 3.7. 

Claim 3.8. 7i,obi,0' ^'i.ij satisfies the QH -Condition with the constant 

For the proof of this claim, we let 9i — Vi^o, . . . ,9p^Q+i — Xi^i^ in 7i,o[fi,o, 2;i,iJ 
such that for each i e {!,..., pio}, 

4o(7i,o[^i,^i+i]) = — 4o(7l,obl,o,a;l,^l])■ 
Plo 

It follows from Claims 3.1 and (3.6) that 

(3.29) *„,W,„,x;,,) > J > —L^^iog-^, 

whence Theorem G yields 

kD{vifi,Xi,i^) > —kDiv[n,x\iJ > — 3— log-^^^ 



By Lemma 3.7, we know that for each i e {1, . . . , pio}, 

1 1 

Hence for i,j e {1, . . . , pio}, Theorem G and Lemma 3.7 give 

kD'{e'„e',^,) < p2kD{e,,e^+i) 

< ^24c(7l,o[^i,^i+l]) 

< 2^^C^p2P3P2kD{0j,9j+i) 

< 2''c'p2P3plkD'{9],9]^,) 

< {pioPufkn^,9'^^,) 
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which together with (3.29) complete the proof of Claim 3.8. 

Claim 3.9. kD[^^{x[^i,,v[^o) < pjoPuPn- 

To prove this claim, we obtain from Claim 3.1 and the inequalities (3.10) and 
(3.11) that 

^.l.W,...^;.) > log (l + ^^^) > log (1 + > (P.pn)» 



and 



diam(7i oKii,'yi,o]) < U + diam(7i qK, 4,o])- 

V Pl8 J 



It follows from Claims 3.6, 3.8 and Proposition 3.3 that 
(3.30) A;Di^o(a;i,ii,w;^o) < '^^'^ P'^pwpiP'dkD'ix^^^^.v^^Q) 

^ 018 2 4 2 1 A ^ diam(7;o[x;,^,t;^o]) 

< 2 a P9PioPii/^2/^9/^ii log IH , , r\ 

< PIoPii log 1+11 + ) ' 

where Wq G 7i,o[^i,n) "^1,0] satisfies 

c^Di_o(wo) = inf{ciD/_^(^') : ^' G 7i,oK,n> '"i,o]}- 
If ^0 e 7l,o[^i,0'f^i,o]' by (3-8), we have 

c?Di(wo) > — diam(7;o[zi,z;o]). 
P18 

If Wq G 7i,o[-^'i,0' ^'i,n]' then Lemma 2.7 implies 

, . /■ Idwl 1 

kDAZi,o,wo) < , . ^ < r 

^[^i.o,«;o] a^JiW P2-I 

which together with Theorem G show that 



log , . ^ U < fcDi(^l,0>"^o) < 

aD'i(«^o) 



whence (3.8) yields 



1 1 
dD{{w'o) > —dD[{z[^o) = ^^^^diani(7i,oK,^i,o])- 

Hence 

^D[iw'o) > — — Tdiam(7;o[2;;,2;;o]), 
whence we know from (3.30) that Claim 3.9 holds. 



34 M. Huang, Y. Li, S. Ponnusamy and X. Wang 

Claim 3.10. Suppose w'^.w'^ G 72,0- ^(72,oK> 1/']) < ^piVi'J.o (^') ^'"^^y ^' ^ 
72,0 K> ^2]. then 

kD'Awi.w^) < 

Pl9 

223 

where pig = [Pif ]. 

Suppose on the contrary that 

kD'AWi,W2) > . 

Pl9 

Then Theorem G shows 

(3.31) kni{wi:W2) > —kD'Aw[,W2) > i^i^. 

1^2 Pl9/^2 

It follows from Lemma 2.7 that there exist Si, S2 € {1, . . . , ki} such that G Bi g^ 
and 'u;2 G -Bi,s2- By Lemmas 3.2 and 3.3, we have 

A;Di(Wi,W2) < kDii^l^^hsi) + kDi{^l,S2^Xl,si) + kDiiu)2,Xi^s2) 

< ^ + 2pelogfl + %^fi^-]^~ 



< - + 2p6log l + 2p6 



which combining with (3.31) implies that 

dDAxi,si) 

Hence Lemma 2.7 yields 



> 5. 



"P2-I V ^131 (^1,52) 

<^ + 4^ log ^ + 4cMog , 



SO that (3.31) yields 



dDx{w2) < \ 'iDi(wi) and (ii:)j(wi) < 21^1 --^21. 



P18 

Thus, 



(3.32) o?D,(^/;2)< 



wi - W2 ■ 



By replacing the constant /iw with the one 4:p\1, it follows from Lemma 3.5 that 
there exists a py-uniform domain L>2,i C D[ q and a point zi^ Q G 72,0 ['"^i; '"^2] ^^ch 
that w[, W2 E D'2 I with 
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and 

(3-34) 14,0 - m < 25^'^^i,o(4o)- 

Then (3.33) guarantees that 

(3.35) 14,0 -""^il < diam(7^oK,4^o]) 

< 4p}Vz>l,„(4,o) 

< 3-22V?°d^i_^(4,o)- 

Since (3.34) assures that 

we get from /ci:ii_o (2:2,0, ^2) < l^2{kD[ ,,{z'2,o,'W2))'^ < log | that 

(3.36) 1^2,0 - W2\ < ^C?Di,o(w2), 

which together with the inequahty (3.32) yield 

1-^2,0 -t^ll > \Wl - W2\ - \Z2,0 - W2\ 

> |wi - W2I - 2"i'l,o(^2) 

> (1 \ ) \Wl - W2\. 

Hence, Lemma 3.1 and the inequalities (3.32) and (3.36) show that 

(3.37) dD2,i{z2,o) < C^Di,o(^2,o) 

3 

- 20^^^^^^^) 
3 

< 1 \Z2,0-Wl\- 

(P2 - 1) (pi?^^ - 1) 

Since for every z e s(^Z2fi, ^rfL>2,i (2^2,0)), 

log (1 + — ) < log f 1 + l''''7'[ ) < kD,A^2,o, z)< [ 
we see from Theorem G that 
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whence 

Then for each x^^ G §(-22,0, ^'j^-D2,i(-22,o)) , by (3.35), we obtain 

14,0 -w[\<3- 2^'^pfldD'^^{z2^o) < Pi5k3,o - 4,ol- 

Wc recall that pis = 3^'^'^'^ ■ 2'^'^ pfl{piifi2)'^'^ ■ By Lemma 3.6 and Theorem J, we see 
that /^^ is ?7/i:^p5^pg-quasisymmctric. Hence 

But (3.37) and the choice of x^^ imply 



(P2 - 1)P11 (Pi?^ - 1) 



1^2,0 -f^ll > ^ F3,0 - Z2,o\. 

This is the desired contradiction, from which we complete the proof of Claim 3.10. 

Claim 3.11. Supposeu[ e 72,0- e 72,oK>4,n] «"c^^(72,oK> ""y) < Pisdo^^^iUi) , 
then for each u' G 72,0 m) ""2]? ''^^ have 

\u'i-u'\ < pudD[^g{u'). 

Suppose on the contrary that there exists an u' G 72,0 ["^i ? such that 

(3.38) \u[-u'\> pudD[^{u'). 

By Lemma 2.7, we see that there exist Pi,qi G {1, . . . ,ki} such that 

72,0 [tti, '"2] C U'^tp^Bij 
and for j G {pi, Qi}, 72,o[mi, ^2] n Bij ^ 0. Let 

Then for each Vi, V2 G -Di,i, there must exist 01,02 G {pj, . . . , gj} such that Vi G -Bi,oi 
and ^2 G -81,02- Let Wi G 72,o['i*i) '1*2] ni?i^o^ and W2 G 72,o['i*i) 'i*2] ni?i_02- Then Claim 
3.4 shows that 

(3.39) \u2 -Wk\ < P9C?Di,u(m2) for k G {1,2}. 
If \u2 — Wk\ < ^dr)j^Q{wk), then we obviously have 



dDi,oi'^2) > ^do^^oi'^k)- 



If 1^2 -Wk\> ^dDi^oiwk), then 

C?Di,o(«2) > 7^C?I3i.o(Wfe). 

2p9 

Thus, we have proved 

(3.40) dD^o{u2) > ^^do^oi'^k)- 

^P9 



Oo — 1 
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It follows from doiiwi) > (1 — ^)'^Di (2^1,01), Lemma 2.7 and Claim 3.5 that 

1 

Similarly, we obtain 
Hence (3.39) and (3.40) show 

\vi—V2\ < \vi — Wi\ + \W2 - Wi\ + \W2 - V2\ 

< 2dD^oiXi^oi) + 2dDi^oi^l,02) + kl - U2\ + \W2 - U2\ 

< 2^^cp3P9pndD^^a (wi) + 2^^cp3P9pii(iz)i,o (^^2) + 2p9(iz)i,o (^2) 

< {2^^Cp3plpu+2p9)dD,,o{u2) 

which implies that 

SoiDi^i) < (2^^Cp3P9Pii + 2pg)dDi^oM ^ PioPiidoi^oM- 

Prom Lemma 2.7, Claim 3.5 and the inequalities 

(\y^ yj^ I \ _l_ 

1 + ' ' . ,V < kD[{v[,w[) < fl2{kDM:Wl))'' <P2: 
aD{[Wi) J 

we get 

< {e^' - l)dD'^iw[) 

< {2^^cp2p3p9pnfJ'2Y''dD[,,iw[) 

< (2^^Cp2P3P9Pll/^2)^'(c^DJ (,(^2) + \w[- U'^l) 

< {2^^Cp2p2,p9pllP2Y\^ + Pl3)c?£>i_(,(M2)- 

Similarly, we have 

W2 -w'2\ < (2^^Cp2P3P9PllA*2)'''(l + Pl3)c?Di 0(1*2) ■ 

Then 

— ^2! < Wi — w[ \ + \w[ — w'2\ + — w'o' 
„2 



< Pl3dD[^^{u2), 



SO that 



SD'{D[^i)<plsdD',^,{u'2). 

It follows from Theorem K that Di^q is a (p(p5)-broad domain. From Theorem M, 
we also obtain that is p^{a)-LLC2 with respect to 5d'- Let e c^-D'ij such 
that I^Qj — m'I = dj:,i^^{u'). Then (3.38) and Claim 3.4 show that 



doiS^') 



U — Ui\ 



T-, —\ ^ P^^l—n\ - and I r < P9 
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But Theorem L shows that 



\u' — u\ 



Pl4 < , , , 



m — Ml 



< /X4(n,X,//5(a),<^(p5),PioPii,Pi3)- 

' \U- WQ^i\ 

< p9H4{n, K, /X5(a), (^(ps), pioPn, p^g). 

This is a contradiction and so, we complete the proof of Claim 3.11. 

In order to state the next claim, we let |/q G 72,o[^Mi' ^i,o] the first point along 
the direction from x[ to v[ q such that 

dD[^{y'o)^ sup dD[^{p'). 

P'e72,o[^'i,ii.«i,ol 

It is possible that i/q = x[j^^ or v[q. Clearly, there exists a nonnegative integer m 
such that 

Let v'q be the first point in 72,o[^Mi! ^ol from x[^^_^ to i/q satisfying 

and let y[ = x[^_^. If v'q = y[, we let y'2 = y'^- It is possible that y[ = y'2. If 
fQ 7^ y[, then we let y2, ■ ■ ■ ,y'm+i ^ l2oWii j^/o] t»e the points such that for each 
i e {2, . . . , m + 1}, 7/^ denotes the first point from x'^^ ^^ to ^/q with 

dD'Jy'd^'2^-'dn'Jy[). 

Obviously, y'^^^ ^ y'^. liv'^^y'^, then we use y'^^^ to denote y'^. 

Claim 3.12. dD'^ ^{y'o) > ^^diam(7i^oK, <o])- 
Suppose on the contrary that 



Then by Claim 3.1 



which is a contradiction to Claim 3.9, and so the proof of Claim 3.12 is complete. 
For all i e {2, . . . , m + 2}, let y'g ^ e 72,obi_i, y'i\ such that 

dn' (y'nA = inf dn' (z'). 

Claim 3.13. dD'^^{y[) < pl^dD'^^^iy'^,^). 
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Suppose on the contrary that 

(3.41) dn'^M)>plAdD',^,{y'o,)- 
Then there exists a nonnegative integer mi such that 

(3-42) i.y'i-i) < dD[^o (yo,i) < ^ do'^ o (y --i) ■ 

Clearly, 

(3.43) 2-^ > ^pI. 

Let ^0,0 be the first point in 72,o[?/i-i) l/o,J yl_^ to y'^ ^ with 

dDi^,ivo,o)-^dD'^^{yU), 

and let v'^ ^ = y[_^. Further, we let ^- 2, • • • e 72,o[l/i-i' l/o,J be points such 

that for each j' e {2, . . . , mi + 1}, denotes the first point from to y^, ^ with 

d{v'i,j) = ^do'^M-i)- 

Obviously, -y-^^^+i = t^o.o- We use v^^^^^ to denote y'^^^. 

Next, we consider the remaining part, namely, 72,o[yo,i' 72,o[z/i-i> Let Mq q 
be the first point from t/q ^ to y[ satisfying 

dD'Ju'o,o)^2"^^^Un'Jy'o,). 

Let ^ = y'oi- We take m'^ 2, • • • , u\ ^^_^2 such that for each j e {2, . . . , mi + 2}, 
u'j^j denotes the first point from t/q ^ to y'^ with 

(3.44) dn'Ju',^j)^2^-'dn'Ju',^^), 
and we use u'^ rni+3 to denote y^'. 

Proposition 3.4. ^(72,obi-i> 1/^]) < Pis c?Di,o (l/D • 

The proof of the proposition follows by a method of contradiction. Suppose on 
the contrary that 

Let w'l^^ be the last point in 72,o[2/o,i' along the direction from t/q^ to y'i_i 
which satisfies 

(3.45) ^(7;,o[<.>K,J)<Pi2rfDi,o(^,). 
If w'l^j 7^ then for each z' G 72.o[''^''m> have 

^(72,oKi, ^,J) + ^(72,o[^i,^, ^']) = ^(72,oKi, ^1) > Pi2 dn'Jz') 
which together with (3.45) imply 

dD',,{z') < „(«;;,) + — ^(72,oK.,^'])- 

P12 
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Hence 



(3.46) 4,, (72,oK,.,l/:-i]) = / 



\dw'\ 



, A ^ ^(72,oK,.,y.^-i]) 

> pi2 log 1 + , . 

Next, we turn to get the following estimate: 

(3.47) du'Jw[^d > rir^(72,oK,i, vU)- 

Again we prove this inequality by a method of contradiction. Suppose on the con- 
trary that 

(3.48) c?^i,o(^'i,i) < i^(72,oK,^, y\-^)- 
Then (3.43) and (3.46) show 

(3.49) ^Di,„(^,„Z/:-i) = 4,,^^(7;,oK,i,y:-i]) > Pi2. 
Further, (3.43), (3.45) and (3.48) lead to 

(3.50) t{i2A^\,.y\-A) > lKi2,o[yo,^yli])- 

It follows from (3.41) and (3.42) that 

^(72,oK.,?/:-i]) > dD'Jy'i-i) - dD'Jy'o,) > IdD'JyL^) > T^^-'dwJy'o,). 
It is obvious that there exists an integer rii > nii — 1 such that 

(3.51) 2"Mz,; „(i/;,) < Kl2Ayo,^^y^-l]) < ^""'^'dn'Jy'o,) 
and so, by Claims 3.6 and 3.7, Proposition 3.3 and (3.49), we have 

(3.52) 4 (72,oki,i>l/i-i]) < 2^V9Pii/^2/^9^D'(^,i,l/i-i) 

1,0 ' ' ' 

^ o42 2 3 3 8 3 i / i , ^('y2,oWl,V Vi-l]) 

< 2 a p^pioPn/^a/^glog 1 + j j-^ 

V ^oi,o(^o,J 

< Pi^2 log 1 + j 

< (ni + l)pt 
If mi > ^, then by (3.43), (3.46) and (3.48), 

mi 

2 2 X 1 1 

Pl2 

For the case mi < ^l^ we get from (3.42), (3.43), (3.46), (3.50) and (3.51) that 
(3.54) 4,,_^ (72,o[^i,i, y'i-i]) > Pi2 log (l + > ^^iPi2. 



(3.53) 4^, ^ (72,oK,i' > Pi2 log (l + ^) > ^mipu > ^"'iPi2. 
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Obviously, the inequalities (3.53) and (3.54) contradict the inequality (3.52), which 
shows that the inequality (3.47) holds. 

If Wi^i - y[-i\ < \dD[ ^^{y'i_i), then dD'^^^{w[ i) > ^c?Di_o(l/-_i)- On the other hand, 
if \w[^^ — y'i_i\ > |(iz)^ j,(l/i_i), then it follows from (3.47) that 

Hence, we obtain from (3.42) that 

(3.55) dD',/w[^,)>2^-'dD'Jy'o,). 
We claim 

(3-56) ^(72,oK,[i^]> l/o,J) < Pi2 dD[ ,{w'i,i)- 

Otherwise, (3.45) leads to 

(3.57) e{i, J) > Pi2dD[^,{w[^i) > ^(72,o[yo,i,K,J)- 
Also (3.55) yields 

Kl2,o[yo,^<,i\) ^ dn'Jw[^,) - dD'Jy'o,i) ^ ldn'Jw[^,). 
Then we deduce from (3.55) and (3.57) that 

(3.58) ^(72,oK[^],l/o.]) > '^'^-'dD'Jy'o,)- 
For every w' G 72,oK,[i^]' ?/o,J' by (3.44), we have 

dD[,,{w') < rfDi_o(K[^]) - 2^o?Di_o(yo,J- 
Hence (3.43) and (3.58) imply 

(3.59) ^iPi,o«[i5ii,yo,J = / 



> 



^(72,oK[I^].l/C),i]) 



2 4 dD[^^{y'o,i) 

> Pl2, 

and so, from Proposition 3.3, Claims 3.6 and 3.7, we obtain that 

^I3i.o(K[^]'^0,J < 2^V9Pll/^2/^9A;D'«,[I^],yo,J 

diam(7^^oK,[i^]'l/o,J) 
dD[^,iyo,i) 

This contradicts the inequality (3.59). Thus, (3.56) holds. 

Now, we are in a position to prove Proposition 3.4. By (3.45) and (3.56), we have 
^(72,oK[i^]>'«^i,J) = •^(72,oK[=i]>yo,J) +-^(72,oKi>^,J) < '^Pi2dD[,{w'i,i)- 
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Thus, on one hand, Claim 3.11 and (3.43) yield 



But on the other hand, the inequality (3.44) shows that 

<[i5i] - yo,i\ > dDi^M,m) ~ "^^'1.0(^0,^) > ldD[SK,m) ^ '^^'^^'^dD'^M,^, 

This is a contradiction and so, the proof of Proposition 3.4 is complete. 

Now the proof of Claim 3.13 is easy. Indeed, by (3.41), on one hand we have 
(3.60) \y[ - y',^,\ > dn'^ ^iy'^) - do,M,i) > (Pi4 - l)^i?l,,(l/o,.), 

and on the other hand. Claim 3.11 and Proposition 3.4 show that 

\yi-yo,i\ < pudD[^,{yo,i), 

which contradicts (3.60). Thus, Claim 3.13 is proved. 

Claim 3.14. £(7^,o[l/^-i, Z/^]) < P?4 (z/D • 
Suppose on the contrary that 

Ki2,o[yi-i^y'i\) > pu^Di^oiy'^. 

Then 

^i?io = / ;i — 7-7T > — ^ — 7-^^ — > Pu, 

and so. Proposition 3.3, Claims 3.6 and 3.7 show that 

kD[,,{y'i-i,y'i} < 2^^pgpiifilfiakD'{y'i-i,y'i) 

< 2 a p^pioPn/^Xlog 1 + —f — — — 

V dD[o{yo,i) 

Thus, Claim 3.13 yields that 

fUM-i^y'^) < fi-io[yUy'i\) 

PudD[oiyo,i) ~ dD[^,iyd 

< ko'^M-i^y'i) 

/ <-,42 2 3 3 8 3 i ( 1 , ^i'^2fl[y'i^y'i-l[) 

< 2 a PgPwptiPtPt log 1 + — r — . ; ^ 

V dD[,{yo,i) 

, , %2,o[l/U:-l] )' 

< pi3 log 1 + — 

V (^D[o{yo,^) 

which is a contradiction. The proof of Claim 3.14 is complete. 
Claim 3.15. For z' e 72,obi,yo]; have eii^M^ z']) < ApUdD^ ^iz'). 
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We divide the proof into two cases. In case there exists k E {1, . . . , m} such that 
^' ^ 72,obfc' Then for k — 1, the result easily follows from Claims 3.13 and 
3.14. For k > 1, we deduce from Claims 3.13 and 3.14 that 

KnioWl, A) = Kl2,o[yi^ ?/2]) H ^ •^(72,o[l/fc-l, y'k\) + ^(72,o[l/L A) 

< 2pl^ {dD[^ iy'i) + --- + dD[, {y'k-i) + dD{, iy'k)) 

< 2p\'idn'Jz'). 

In the remaining case where z' e 72,obm+i' ^ol' Claims 3.13 and 3.14 imply that 
Kl2M^A) < '^PUdD'Jy[) + ■ ■ ■ + dn'Jy'J + dn'Jy'rn+^)) 

< 4:pl^dD[^{y'm+l) 



< 



Mldn'Jz') 



and so, Claim 3.15 holds. 

Now we are ready to establish the proof of Lemma 3.8. 
It follows from Claims 3.12 and (3.10) that 

do' iy'o) 1 

(3.61) Ho(^i'^o)>log^^J^>2m- 
Then Claim 3.6 yields 

(3.62) kD[ {y'l, y'o) > ] ^ ko^ „ {y[, y'o) > pi%. 

Claim 3.15 shows that (3.62) contradicts Claim 3.10. Thus the proof of Lemma 3.8 
is complete. □ 

Finally, the following result follows from the similar reasoning as in the proof of 
Lemma 3.8. 

Lemma 3.9. For each z' e fi^ ^, diam(/9j o[^2) -^l) < Px^do'^iz'). 

The proof of Theorem 1.1. Let x' e 7i^o[^i' ^ol ^ /^i,o[^2> -^o] ^^^^ ^^^^ 

7i,o[^i,^1n^i,o[4,^1 = M, 

and let A' — 7^ o[^'i' ^ o[-^2) ^']- Then Lemmas 3.8 and 3.9 show that for every 
z' eX', 

min{diam(A'[2;-,2;'])} < pisda'Az'). 

1=1,2 

It follows from Theorem E that Theorem 1.1 holds. □ 



Acknowledgements: The authors would hke to thank Professor Matti Vuorinen 
for his useful suggestions. In particular, the inequality (2.1) is suggested by him. 



44 



M. Huang, Y. Li, S. Ponnusamy and X. Wang 



References 

1. L. V. Ahlfors, Quasiconformal reflections, Acta Math., 109(1963), 291-301. 

2. A. F. Beardon, The Apollonian metric of a domain in M", In: Quasiconformal mappings 

and analysis. Springer- Vclag, 1998, 91-108. 

3. O. J. Broch, Geometry of John disks. Ph. D. Thesis, NTNU, 2004. 

4. J. L. Fernandez, J. Heinonen and O. Martio, Quasilines and quasiconformal mappings, 
J. Analyse Math., 52(1989), 117 -132. 

5. F. W. Gehring, Uniform domains and the ubiquitous quasidisk, Jahresber. Deutsch. Math. 
Verein, 89(1987), 88-103. 

6. F. W. Gehring and O. Martio, Quasiextremal distance domains and extension of quasi- 
conformal mappings, J. Analyse Math., 45(1985), 181-206. 

7. F. W. Gehring and B. G. Osgood, Uniform domains and the quasi-hyperbolic metric, J. 
Analyse Math., 36(1979), 50 74. 

8. F. W. Gehring and B. P. Palka, Quasiconformally homogeneous domains, J. Analyse 
Math., 30(1976), 172-199. 

9. P. Hast5, The Apollonian metric: uniformity and quasiconvexity, Ann. Acad. Sci. Fenn. Ser. 
Math., 28(2003), 385-414. 

10. J. Heinonen, Quasiconformal mappings onto John domains, Rev. Math. Iber., 5(1989), 97- 
123. 

11. J. Heinonen and S. Rohde, The Gehring-Hayman inequality for quasihyperbolic geodesies. 
Math. Proc. Cambridge Philos. Soc, 114(1993), 393-405. 

12. M. Huang and Y. Li, Decomposition properties of John domains in normed vector spaces. 
Submitted. 

13. F. John, Rotation and strain. Comm. Pure. Appl. Math., 14(1961), 391-413. 

14. P. W. Jones, Extension theorems for BMO, Indiana Univ. Math. J., 29(1980), 41-66. 

15. P. W. Jones, Quasiconformal mappings and extendability of functions in Sobolev spaces, Acta 
Math., 147(1981), 71-88. 

16. K. Kim and N. Langmeyer, Harmonic measure and hyperbolic distance in John disks, Math. 
Scand., 83(1998), 283-299. 

17. Y. Li and X. Wang, Unions of John domains and uniform domains in real normed vector 
spaces, Ann. Acad. Sci. Fenn. Ser. Math., 35(2010), 627-632. 

18. O. Martio, Definitions of uniform domains, Ann. Acad. Sci. Fenn. Ser. A I Math., 5(1980), 
197-205. 

19. O. Martio and J. Sarvas, Injcctivity theorems in plane and space, Ann. Acad. Sci. Fenn. 
Ser. A I Math., 4(1978), 383-401. 

20. R. Nakki and J. Vaisala, John disks. Expo. Math., 9(1991), 3-43. 

21. J. Vaisala, Lectures on n-dimcnsional quasiconformal mappings. Springer- Verlag, 1971. 

22. J. Vaisala, Quasimobius maps, J. Analyse Math., 44(1985), 218 234. 

23. J. Vaisala, Uniform domains, Tohoku Math. .J., 40(1988), 101 118. 

24. J. Vaisala, Quasiconformal maps of cylindrical domains, Acta Math., 162(1989), 201 225. 

25. J. Vaisala, Free quasiconformality in Banach spaces. II, Ann. Acad. Sci. Fenn. Ser. A I 
Math., 16(1991), 255-310. 

26. J. Vaisala. Free quasiconformality in Banach spaces. HI, Ann. Acad. Sci. Fenn. Ser. A I 
Math., 17(1992), 393 408. 

27. J. Vaisala, Free quasiconformality in Banach spaces. IV, Analysis and Topology, 697-717, 
World Sci. Publ, River Edge, N. J., 1998. 

28. J. Vaisala, Relatively and inner uniform domains, Conjormal Geom,. Dyn., 2(1998), 56 88. 

29. J. Vaisala, The free quasiworld: freely quasiconformal and related maps in Banach spaces. 
Quasiconformal geormetry and dynamics {Lublin 1996), Banach Center Publications, Vol. 48, 
Polish Academy of Science, Warsaw, 1999, 55-118. 

30. M. Vuorinen, Conformal invariants and quasiregular mappings, J. Analyse Math., 45(1985), 
69-115. 



The quasiconformal invariant properties of John domains in W 



45 



31. M. VUORINEN, Conformal geometry and quasiregular mappings (Monograph, 208 pp.)- Lecture 
Notes in Math. Vol. 1319, Springer-Verlag, 1988. 

M. Huang, Department of Mathematics, Hunan Normal University, Changsha, 
Hunan 410081, People's Republic of China 
E-mail address: mzhuangTSOyahoo. com. cn 

Y. Li, Department of Mathematics, Hunan Normal University, Changsha, Hunan 
410081, People's Republic of China 
E-mail address: yaxiangli@163. com 

S. PoNNUSAMY, Department of Mathematics, Indian Institute of Technology Madras, 
Chennai-600 036, India. 

E-mail address: samyOiitm. ac . in 

X. Wang, Department of Mathematics, Hunan Normal University, Changsha, Hu- 
nan 410081, People's Republic of China 
E-mail address: xtwaiig@hunnu.edu.cn 



